Solution of the KdV equation on the line with analytic initial 

potential 

Andrey Melnikov 
Drexel University, Philadelphia, USA 

March 22, 2013 

Abstract 

We present a theory of Sturm-Liouville non-symmetric vessels, realizing an inverse scattering 
theory for the Sturm-Liouville operator with analytic potentials on the line. This construction 
is equivalent to the construction of a matrix spectral measure for the Sturm-Liouville operator, 
defined with an analytic potential on the line. Evolving such vessels we generate KdV vessels, 
realizing solutions of the KdV equation. As a consequence, we prove the following theorem: 

Suppose that q(x) is an analytic function on R. There exists a KdV vessel, which exists on 
Q C R^. For each s e R there exists > such that {x} x [-Tx,Tx] G Q. The potential q{x) is 
realized by the vessel for t — 0. 

Since we also show that if q{x, t) is a solution of the KdV equation on R x [0, to), then there exists 
a vessel, realizing it, the theory of vessels becomes a universal tool to study this problem. Finally, 
we notice that the idea of the proof applies to a similar existence of a solution for evolutionary NLS 
and Boussinesq equations, since both of these equations possess vessel constructions. 
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1 Introduction 



The Korteweg-de Vries (KdV) is the following nonlinear evolutionary Partial Differential Equation 
(PDE) for a function of two real variables q(x,t): 

qt ^ --qqx + -qxxx, (1) 

where qt,qx denote the partial derivatives. The equation is named after Diederik Korteweg and 
Gustav de Vries who studied it in [KdV95] . Usually, one considers the initial value problem, which is 
defined as follows: find a solution q{x, t) of ([TJ , which additionally satisfies: q{x,0) = q{x) (a; £ R) , for 
a given function q{x), defined on R. A standard technique to solve KdV involves a more elementary 
equation, called Sturm Liouville (SL) differential equation: 

(f 

- -^y{x) + q{x)y{x)^ Xy{x), (2) 

where A G C is called the spectral parameter and the coefficient q{x) is called the potential. In order 
to solve IT} using ((2]) one transforms [GGKM67] the potential q{x) appearing in ((2]) to its "scattering 
data" . Then one evolves with t the scattering data using some simple differential equations. Finally, 
transforming back the evolved scattering data we obtain a new potential q{x, t) of two variables, 
which solves ((I} and satisfies q{x,Q) = q{x). In other words, in this manner we solve the initial 
value problem for the equation ([l]). So, in order to solve ([l]) one has to find a "scattering data" for 
the given potential. 

On the half line the question of characterizing of scattering data (or more precisely spectral 
measure cip(/i) on R) for a given potential was completely solved for a continuously differentiable 
potential by Gelfand-Levitan theory [GL51) . but not always it can be used to solve the KdV equation 
([T]). For this situation in case var[dp\ < oo a solution of KdV in the first quadrant {x,t > 0) is 
presented in [Melaj . 

Although there is a good scattering theory of the SL equation ((2]) on the line |Mar77l Chapter 2, p. 
128], [LS751 Chapter 2], even with arbitrary singularities DZ91 , the solutions of KdV, corresponding 
to them are not developed. In fact, the classes of initial potentials, for which solutions of U]) were 
presented using inverse scattering are as follows: 

1. Soliton solutions correspond to dp{fi) to be a finite sum of point mass measures (discrete 
measure) [Cru55| . 

2. Krichever solution |Kri77| . where dp{fi) = f{^)d^i for /i £ F for some algebraic curve F, 

3. Fadeyev inverse scattering theory [Fad74) where the dp{^) is supported on the positive real 
line and has a finite number of point-mass measures on the negative real line, 

4. Periodic potentials |MW66) correspond to discrete spectral measures with accumulation point 
at infinity, 

5. Quasi-periodic potentials |BJ02I |DS75| . 

While analyzing the KdV equation ([!]) with an analytic initial potential, one can apply Taylour series 
techniques to try to solve the equation. It turns out that the corresponding combinatorial problem 
is extremely dificult. In fact a recent result of M. Goldstein and D. Damanik |GDj proving existence 
of a global solution of the KdV equation ([l]) with a quasi periodic potential involves an extremely 
sophisticated combinatorics of the powers of exponents, corresponding to all "harmonics" . Still, the 
general problem of constructing a solution of the KdV equation for a given analytic potential has 
yet to be solved. 

Using theory of vessels, we show that it is indeed a rare case that a solution of the KdV equation 
would exists on R x [0, to) for some to. And the reason for this is that there is an operator of the 
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form X{x,t) = I + T{x,t), I - identity, T{x,t) - trace class, which is usually invertible for t = for 
all X, but fails to be invertible uniformly for all x for whatsoever t > is. Theoretically it explains 
why there is no a theory on the existence of the local solution of the KdV equation for arbitrary 
analytic initial potential and only special cases ares solvable: for example, in the Faddeyev case the 
inverse of 'K.{x,t) is uniformly bounded, so the continuous perturbation of the inverse will exist on 
[0,to) (see Remarks). In fact, the existence of the solution q{x,t) of ((T)) on R x [0,to) implies that 
there exists a vessel on the same set (see Theorem 15.9 p . This actually means that the theory of 
vessels is a universal tool to study solutions of the KdV equation ([T}. 

We present now the Main Theorem. 
Main Theorem 15.41 Suvvose that q(x) is an analytic function on R. There exists a KdV vessel, 
which exists on C R^. For each a; G R there exists > such that {x} x [—Tx,Tx] £ il. The 
potential q{x) is realized by the vessel for t = 0. 

The idea of the proof for this Theorem is simple and appears in [Melf] . Using simple algebra 
calculation, it is possible to show that constructing a collection ^Kdv of bounded operators and 
spaces {H - Hilbert space) 



C{x) A(,X{x),A B{x) (Ji,a2,7,7*(a;) 



o"i , 0-2 , 7, 7* (x, t) - 2 X 2 matrices, f2 C 

d 



— Bai ^-{ABai + B-y), 
— CVi = -(AJCV2 + C*7), 



—X = B02C, 

AX + XAq + BaiC = 0, 
7, = 7 + a2CX-^BGi - CTiCX-iB(j2. 



■dt^ = '^d-x^^ 

= iABa2C - iBaiCA^ + iBjC, 



which is called a regular KdV vessel on Q, where X(x, t) is invertible, we obtain a solution of ([TJ 
on fl as follows. For 
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the function {{xo,to) € O.) 



q<a{x,t) 
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■In det(X"^(a:o,to)X(a;,t)) 



is analytic in both variables on Q and satisfies ([T]). The main contribution of this paper is that 
one can construct a vessel ^Kdv such that for t — it holds that qsx3{x,0) — q{x) for arbitrary 
given analytic function q{x). We use unbounded operators on Krein spaces in this case. Moreover, 
the operators are A — ijj. and — —ifi — dp{^)- for a 2 x 2 measure dp on [0, 00), creating 
a Krein space K, — L^{dp) (see Section [5] for details), used instead of the Hilbert space H in the 
original definition. The main ingredients of this construction are node, prevessel and vessel. A node 
is the (0,0) value of the vessel '■XSkiIV, and prevessel is a globally defined object (for all x,t G R), 
which does not include the matrix 7,(2:, t) (thus there is no need to demand existence of the inverse 
of X(a;,t)). These notions are fully studied at the text along with their properties. Finally, the 
tau function T{x,t) = det(X~"'^(0, 0)X(a::, f)) defines the set f2 C R^ where the vessel ^Kdv exists 
and, as a result, where the the solution of U]) exists as well. We show in Main Theorem 15.41 that 
{x} X [—Tx, Tx] C Q for some Tx > 0, depending on x. 
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From the Main Theorem l5.4l it follows that it is difficult to create a general construction of solu- 
tions of ([1} on a strip R x [0, to). Instead, the focus must be made on the problem of characterization 
of classes of functions q{x), for which the matrix X(a;,t) is invertible. The formula for the inverse, if 
it exists is also given in terms of the fundamental solutions of ([T}. It seems that the ideas, presented 
in this text also have a potential to be applied to the locally integrable case: q{y)dy < oo for all 
a: e R. 

Similar calculations can be carried over for the vessel parameters 
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(NLS) equation 
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of the evolutionary Non Linear Schrodinger 



iyt + yxx + 2\y\ y = 0. 



(3) 
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The proof of this fact can be found in [Meldj . As a result, the ideas presented in this work can be 
used to prove a similar to Main Theorem [5]4] result for the evolutionary NLS equation. 
Defining 



and 



it was shown in [Mele] that the collection 

^Bousa = {C{x, t),A(^,X{x, t),A, B{x, t); (Jl, (T2, 7, 7* (a;, i), cti, 5^2, 7; "W, C^; H), 
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where the operators C{x, t) : H 
function 7*(a;,f) satisfy 



AQ,X{x,t),A -.H^H, B{x,t) ■.C^^n and a 3 x 3 matrix 



d 

dx 


7. 



-{ABa2 + B-/)a-^ 

a-\jC-a2CAc) 

BaiC 

AX + XAc + BaiC, 

7 + cr2CX-iB(Ji - aiCX-^Ba2, 



I" 



= -(^B52 + B7)5r\ 

= 5r'(7C-52C^c), 
= B52C, 



is a Boussinesq vessels. When the operators are bounded the function 

qi,x) = -\^Hr{x,t)) = »|^lndet(X-^(0,0)X(x,f)) 



satisfies the Boussinesq equation 



qtt 



12g 



(4) 



on the set Q, C R'^, where X(a;,t) is invertible (See IMelej for details). A similar to Main Theorem 
15.41 result can be proved for the Boussinesq equation Q using ideas of this work. 
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2 Background on Krein space theory 



Let (T-L, {■,■)) be a Hilbert space. Let X be a self-adjoint bounded operator on H. We define a 
sesquilinear form [•, ■] on H as [u, v] = (Xii, «). The map [■, ■] : H x H ^ possesses the following 
properties 

1. [axi + (]x2,y] = [axi,y] + [l3x2,y], xi,X2,y G a, /3 G C, 

2- lx,y] = [y,x], x,y eH, 

3. |[a;,y]| < C||x||||y||, x,y e H with C> 0. 

Here || • || denotes the Hilbert space norm of "H. Conversely, if there is a map [•, •] with these three 
properties, there exists a self-adjoint operator X : H — > "H realizing it by [x,y] = Qix,y). 

Let IC be equal to the Hilbert space T-l as a, set, equipped with (indefinite) inner product: (AC, [•,•])• 
Then the pair {IC, [•,■]) is called Krein space. For any operator T on IC we denote by r"E] the unique 
operator satisfying [Tu, v] = [u, T*v] for all u,v £ IC. If we denote by T<*> the Hilbert space adjoint 
of r, and if X is invertible, then 

T* = X"^r^*^x. 



The space H admits the decomposition 



such that [u, u] > for all x G and [u, u] < for all x G T-L^ . Moreover, the spaces 
('H'*', [■,■]), {H' ,—[•,■]) are complete with respect to the norms [•, ■] and —[■,•] respectively. 

A typical example of a Krein space is as follows. If p{fi) is a real function which is locally of 
bounded variation and |/5(pi)i denotes its total variation, then the space L^{p), of all measurable 
functions / such that j/(/i)j^djp(/i)j < oo and equipped with the indefinite inner product 



[f,9] = / 5'*(M)./'(M)rfp(M), 

JR 

is a Krein space. A typical example used in this work involves a matrix-valued measure. Let 

dpii dpi2 be a 2 X 2 matrix of measures. A complex- valued, self-adjoint R, 2x2 measure 
ap2i dp22 J 
is called positive, if 



/r (m) b (a*) ] dp{n) 



/2(m) 



>o. 



provided the integral exists. Denote by 7?. = supp{dp) - the support of the measure dp, then it is a 
matter of standard verifications that 



n = L\dp) = {f = 



/2(m) 



I ll./f = / [ fiM /2*(m) ]dpM 



/2(m) 



< oo} 



is a Hilbert space. Suppose that dp = dp+ — dp- for two positive measures dp+, dp^, creating two 
Hilbert spaces of column-functions H+, H- as above. We define 

^ = {/(m)! Il/ll«+ + ll.fll«- <«^}, 



^In the literature one usually denotes the adjoint of an operators T, with respect to (■, ■} as T*, and the adjoint with 
respect to [■, ■] as T+. Since we are dealing exclusively with the Krein-space adjoint, we will use T* for this notation and 
will rarely denote by T^*^ the adjoint with respect to the Hilbert space H. 

^self-adjoint means pn = pjj, pi2 = P211 P22 = P22 
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equipped with the indefinite inner product {TZ — supp[dp+) U supp{dp-)) 
if, 9] =/7j[5i*(m) fl2(M)]rfp(M) 



/2(m) 

■ Mp) 

f2{p) 



Itz [ ffiM .92 (m) ] dp-{^^) 



/i(m) 
/2(m) 



The space of all bounded operators between Krein space is denoted by L{K,\,K,2)- In this work we 
frequently use a 2 dimensional Hilbert space for either KLi or K.2- In this case we identify the 
sesquilinear form on with the standard inner product of C^. 

If T : /Ci — > /C2 then its adjoint T* : K,2 ^ ICi is defined as the unique operator, satisfying 

[Tx,y]K.2 = [x,T*y]K:i. 

We present class of operators, which generate analytic semi groups. An operator A : IC ^ K. (usually 
instead of IC Banach spaces are used) generates an analytic semigroup if there exists w > such 
that KA > w is contained in the resolvent set of A and there is C > such that 



C 



The resolvent set of A contains also the sector of the form 

Sec={XeC\\ arg(A) - w) < ^ + 5} 
for some 5 > 0. Such generators possess "functional calculus": 

/(^) = 2^ I f{mi-A)-'d\, 



(5) 



where /(A) is analytic in Sec and the curve F goes from e "00 to e "00 entirely inside of Sec 
7r TV 

(with — < Qo < — + 3) . For example, the analytic semigroup, generated by the operator A is 



1 
2^ 



e^"(A/-yl)-'dA. 



We mention Hille-Yosida Theorem, characterizing generators of Co semigroups on R, which is 
sufficient for some of the theorems. 

Theorem 2.1. Let A be a linear operator defined on a linear subspace D{A) of the Banach space 
K., w be a real number, and M > 0. Then A generates a strongly continuous semigroup, denoted as 
e ^, that satisfies \\e ^|| < Me^^ if and only if 

1. D{A) is dense in K., and 

2. every real \ > w belongs to the resolvent set of A and for such A and for all positive integers 
n: 

\\{XI-A)-\\<—^. 

(A — w)"- 

A proof of this Theorem can be found in [StaOSl Theorem 3.4.1], [ENOOl Theorem II. 3.5]. 
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3 Non-symmetric vessels 



Theory of operator nodes is presented in [Bro71| . We use a generalization of this notion, involving 

A + A* 

unbounded operators. This notion is used to study bounded operators A — An + Aj — h 

A — A* 

— — — , whose image part Aj (or real part Ar) is small, or more precisely is compact. We substitute 
this requirement by the existence oi A(; : H ^ T-L, such that A + A(; is 2-dimensional in a Krein 
space and these two operators have the same domain. 

Many notions from the theory of nodes [Bro71) can be applied to the notion of a node, presented 
in this work. We have not inserted these results primarily for the lack of space, but also because of 
a different aim: we want to prove the existence of solutions for the KdV equation ((T|. 

A prevessel is a node, for which some of the operators depend on s £ R, and a vessel is an 
"invertible" prevessel (in the sense of Brodskii) . The use of unbounded operators requires a careful 
consideration of their domains. The axioms of a node, presented here, assume equations, which take 
this issue into account. 

3.1 Node, prevessel, vessel 

Definition 3.1. A node is a collection of operators and spaces 



C Ac,X,A B ai 



where JC is a Krein space, C : IC , X : JC ^ IC, B : JC are bounded operators, ai = CTj 

- invertible 2x2 matrix, A, are generators of Co groups on K, with identical dense domain 
D{A) = D{A(^). The operator X is assumed to satisfy '%.{D{A)) C D{A). The operators of the node 
are subject to the Lyapunov equation 

AXu + XAcu + BaiCu ^ 0, Vue D{A(;) ^ D{A). (6) 

// X IS invertible, the transfer function of 91 is 

S{\) = I -CX-^{\I - Ay^Bai. (7) 

The node VI is called symmetric if Aq = A* and C = B* . 

Remarks: 1. a function S{X), representable in the form (0 is called realized [BGRQOj . 2. if 
A,^ = A + T for a bounded operator T, then D{A) — D{Aq) (A^ is called a perturbation of A in 
this case). 3. if X = I, then the condition X(D(j4)) C D{A) holds. 4. when the node is symmetric 
one can verify that 

S(A)ar'5'*(-A) = o-r' 

at all points of analyticity of 5*. 5. for the unbounded operators A, Aq to be generators of Co-groups, 
it necessary and sufficient to demand that they satisfy the conditions of the Hille-Yosida Theorem 
12.11 Particularly, they must be closed, densely defined operators. 

In the case X is invertible, we consider a stronger notion of a node as follows. 

Definition 3.2. A node ^1 is called invertible, i/X is invertible and X~^(D(A)) C D{A). 

A simple chain of inclusions for an invertible node 

MD{A)) C D{A) D{A) C X-^{D{A)) C D{A), 
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where the first inclusion comes from the node condition, and the last one from the invertible node 
condition, implies that X"^(D(A)) = D{A). Similarly, X{D{A)) = D{A). Moreover, taking u = 
X~^m', where u,u £ D{A) and plugging it into the Lyapunov equation ((Gjl, we obtain that 

AcX'^u +X'^Au' +X''^BaiCX~'^u' = 0, Vit' G D(y4), (8) 

after multiplying by X^^ from the left. From the existence of this Lyapunov equation we obtain the 
following Lemma. 

Lemma 3.1. If yi is an invertible node, then 

K. _ 
is also a node. 

One could consider a similar notion of "adjointable" node, for which the adjoint of the Lyapunov 
equation ((6]) would define a node, but we do not insert details here. Actually, there is a theory of 
construction of new such nodes from old ones, similarly to the theory presented in [Bro71irBGR90| . 
In the case X = I (the identity operator) we have a very well developed theory |BL58| of (symmetric) 
nodes with A^ — A* , which has a finite dimensional real part: A + A* = —BaiB*. 

Finally, rewriting the Lyapunov equation ((8|, of the invertible node as follows 

{-Ac)X'^u' +X'^{-A)u' + X''^Ba^'^ai{-aiC)X'\' = 0, Vtt' G D{A) 
we arrive to the node 

1 _ r -o-iCX^i -A,X~\~A(; X-^Ba-^ ai ' 
[ K. 

whose transfer unction 

S~\X) = 1 + aiC{\I + Ac)~^X-^B 

is the inverse of the transfer function, defined in (O, of the original invertible node This is a 
standard fact, related to Schur complements and can be found in IBroTll fBGRgO) . 

Definition 3.3. Class 7?.(ai) consist of 2x2 matnx-valued functions S{\) of the complex variable 
A, which are transfer functions of invertible nodes. The subclass U{ai) C 7?.(ai) consists of the 
transfer functions of symmetric, invertible nodes. The Schur class SU{ai) C U demand also that 
the inner space K. is Hilbert and X > 0. The sub-classes of rational functions in SUjUjIZ are 
denoted by rSU , rli , rlZ respectively. 

When S{X) is just analytic at infinity (hence A must be bounded), there is a very well known 
theory of realizations developed in [BGR90] . For analytic at infinity and symmetric, i.e. satisfying 
S*(— A)ctiS'(A) = (Ti, functions there exists a good realization theory using Krein spaces, developed 
in [DLdSpl . Such a realization is then translated into a function in Vl{ai). The sub-classes U,SU 
appear a lot in the literature and correspond to the symmetric case. We will not particularly consider 
these two classes here and refer to AMV12). 

Equations, which arise in the theory of vessels involve differential equations with unbounded 
operators. As a result, an operator satisfying such an equation must satisfy a relation with the 
domain of the unbounded operator, which is presented in the next Definition. 

Definition 3.4. A hounded operator B : ^ K. is called A-regular, where A : K, ^ K, is linear, 
if Be G D{A) for all e G 

^At the paper IDLdSI a similar result is proved for functions symmetric with respect to the unit circle, but it can be 
translated using Galley transform into S* {—X)criS(X) = cri and was done in |Melbl IAMV12| 



Oi-i = 
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Definition 3.5. Fix 2x2 matrices 0-2 — (J2, ^ ~ —7*- The collection of operators and spaces 



C{x) Ac,X{x),A B{x) (Ti,a2,7 



(9) 



is called a (non- symmetric) prevessel, if the following conditions hold: 1. prcQJ is a node for 
all X £ 'R, 2. the operator B{x)a2 is A-regular, 3. C{x),^{x), B{x) are dijferentiable, bounded 
operators, subject to the following conditions 

^B{x) = ^{ABg2 + B-i)a^\ (10) 

^C[x)u = a^^{-a2CAc^u + 'yCu), \fu e D{Ai), (11) 

= Bo-aC, (12) 

ox 

The prevessel preQJ is called symmetric if A(^ — A* and C{x) — B*{x) for all 2: £ R. 

It turns out that the structure of a prevessel imphes the Lyapunov equations ((6]), ((8| as the 
following Lemma claims. 

Lemma 3.2 (permanence of tlie Lyapunov equations). Suppose that B{x),C{x),X{x) satisfy 
P0|) . (|lip . (|12[) respectively and X(a;)(_D(Aj)) C D{A) for all x G R. Then if the Lyapunov equation 
^ holds for a fixed xq, then it holds for all x. In the case the operator X(a;) is invertible and 
B{x),C{x),X{x) are part of an invertible node, if ((8]) holds for a fixed xo, then it holds for all x. 

Proof: Let us differentiate the right hand side of the Lyapunov equation 

[AXu + XA(U + BaiCu] = 
= AB{x)a2C{x)u + B{x)a2C{x)Ai;u - AB{x)a2C{x)u - B{x)a2C{x)Acu 
= 0. 

The terms involving 7 are canceled, because 7 + 7* = 0, by the assumption on it. Thus it is a 
constant and the result follows. For the invertible node case, the condition ((HI) is a result of (l6|. □ 

Definition 3.6. The collection of operators, spaces and a set C R 



C{x) Ai;,X{x),A B{x) CTi, 0-2,7, 7,(2;) 



(13) 



is called a (non-symmetric) vessel, if 'CO is a pre-vessel, X{x) is invertible on fl, and *U is also an 
invertible node for all x £ Q. The 2x2 matrix-function 7*(a::) satisfies the linkage condition on Q 

7, = 7 + a2CX~^Bai ~ aiCX~^Ba2. (14) 

The class of the transfer functions of vessels is defined as follows 

Definition 3.7. Class I — X(cri, (T2, 7; H) consist of 2x2 matrix-valued (transfer) functions S{\,x) 
of the complex variable X and a; £ $7 C R, possessing the following representation: 

S{\,x) = I - C{x)X-\x){XI - A)'^B{x)ai, (15) 

where the operators C{x),X{x), B{x) are part of a vessel 03. 

Before we prove the Backlund transformation Theorem 13.41 we present a technical lemma. 
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Lemma 3.3. Let 2J 6e a vessel. Then for all u £ D(A) 

ai-^[C{x)X'\x)]u = a2C{x)X'^ (x)Au + 'y,{x)C{x)X'~\x)u, (16) 
dx 

-^[X~\x)B{x)]ai = A(-X'\x)B{x)a2 - X'^{x)B{x)'y4x). (17) 
dx 

Proof: Consider (|16p first. We write under each equality the corresponding equation that is used 
to derive the next line: 

pTI) : ai-§^C{x)u = -a2CAcU + jCu 

= -a2CAcX '^u + jCX-^u - aiCX-^Ba2CX-^u 
= -a2CAcX-^u + (7 - aiCX-^Ba2)CX-^u 

©: At^X-^u + X-^Au + X-^BaiCX-^u^O 
= craCX^Mu + (7 + aaCX-^Bcri - aiCX'^ Ba2)CX-'^u 

(fTi)) : 7. =7 + cr2CX"^BCTi -CTiCX"^Bcr2 
= cr2CX"Mu + 7.CX~^U. 

Notice that all equations of the vessel can be used, since we apply them to a vector u from D{A). 
The equation (|17|) is proved in exactly the same manner. □ 
Now we have all the ingredients of the following Theorem. This theorem has its origins at the 
work of M. Liv§ic [LsO l^ and was proved for bounded operators in [Melbl iMeldl IAMV12) . Now we 
present a generalization of these results for the case of unbounded operator A. 

Theorem 3.4 (Vessel=Backlund transformation). Let V be a vessel defined m (|13p and satisfying 
the conditions of Defimtion \3.6[ Fix A ^ spec(yl) and let u{X, x) be a solution of the input LDE 

d 

A(T2m(A, a;) — cri— ii(A, x) + 7ii(A, x) — 0. (18) 

Then the function y{\, x) = ^(A, x)it(A, x) satisfies the output LDE 

d 

\a2y(X,x) - ai—y{\,x) + ■y4x)y{X,x) = 0. (19) 

Proof: Let us fix A ^ spec(yl) and a solution u{\,x) of p8[) . Then for y{X,x) = ^(A, x)u(A, a;) we 
calculate: 

ai ^y{\, x) = (71 [(/ - C(x)X-^(x) (XI - A)-^B(x)ai)u(X, x)] = 
dx dx 

= ai—u(X,x) - ai — [C(x)X-'-(x)(XI - A)-''B(x)(Jiu(X,x)] 
dx dx 

= (a2A + 7)it(A,a:) - ai — [Cix)X-'-(x)] (XI - Ay B(x)aiu{X, x) 

-aiC(x)X'^(^x)(XI - A)~'^ — \B(x)]aiu(X,x) 

-aiC(x)X-\x)(XI - A)-''B(x)ai4-u{\x). 

dx 

Using gni), Unil and gll) it becomes (notice that {XI - A)~^ B{x)aiu{X, x) G D{A)) 
ai-^y{X,x) = (a2A + 7)m(A, a;)- 

-[o-2C(a;)X-^(2:)yl + 7,(x)C(x)X-^(x)](A/ - A)-'^ B{x)aiu{X,x) + 
+aiC{x)X-''-{x){XI - Ay[AB{x)a2 + B{x)'^]uiX, x) 
-aiC{x)X-'-{x){XI - A)~^B{x){a2X + ^)m(A, x) = 
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Let us combine the last two terms and add ±A/ next to A: 
— (a2A + 7)m(A, x) — 

-[a2C(x)X-'-{x){A ± XI) + ■y4x)C{x)X-^{x)]{XI - A)''^ B{x)aiu{X, x) + 

+aiC{x)X-^{x){XI - A)-'^{A - XI)B{x)(j2u{X, x) = 
= (cr2A + 7)u(A,x) + (T2C(x)'%.'^(x)B{x)(Tiu[X,x)- 
-[cr2C(x)X-^(x)A + -f,{x)C{x)X-^(x)]{XI - A)-^B(x)gxu{X,x)- 

-~aiC{x)X-'^{x)B{x)a2u{X,x) = 
= (0-2A + 7 + a2C'(x)X-^(x)B(x)ai - aiC{x)X-^{x)B{x)a2)u(X, x)- 
~[a2Cix)X^^{x)X + -f,{x)C{x)X-^{x)]{XI - A^^ B{x)aiuiX, x). 

Using p4l) and the definition of ^(A, a;) we obtain that 

ai-^y{X,x) = [a2A + 7,(2:)]?i(A, s)- 

^ [aiX - ■y4x)]C{x)X-'-{x)iXI - A)-'-B{x)aiu{X,x) = 

= [aiX + j^x^jll - C{x)X-\x){XI - A)-'^B{x)ai]uiX,x) = 
= (cr2A + 7«(a;))S'(A,a;)u(A,a;) = 
= {a2X + y4x))y{X,x). □ 

One of the corollaries |CL55) of this Theorem is that the function ^(A, x) must satisfy the following 
differential equation 

^S{X,x) = ar'(a2A + 7.(2:))S'(A, x) - S{X,x)a^\a2X + 7). (20) 

Moreover, defining the fundamental solutions <1?(A, a;), (A, 

Aa2$(A,a;)-ai^$(A,a;) + 7$(A,a;) = 0, $(A,0)=/, (21) 

Xa2$,{X,x)-ai-^^,{X,x)+j4x)$,{X,x)^0, $*(A,0)=7, (22) 

we also obtain that 

S{X,x) = $.(A,x)5(A,0)'l'"^(A,x). (23) 



3.2 Standard construction of a prevessel 



Now we present the standard construction of a prevessel prcQJ from a node 91o- under assumption 
that the operators A, are generators of analytic semi groups. In general, it is enough to de- 
mand that A,A( possess "functional calculus". Using formula ^ and the fundamental matrices 
$(A,a;),$«(A,a;), defined in (|2T|| . (p2)) we make the following definition. 

Definition 3.8. Let 

' Co Ac,Xo,A Bo (Ti 



be a node, such that A,A(; generate analytic semi groups (or possess "functional calculus") and 
D{A) = D{A^). The standard construction of the operators B{x),C{x),X{x) from the node ^0 
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is as follows 



B{x) = — I {\I - A)-'Bo^''{-X,x - xo)dX, (24) 



r 



Cix) = 77!- / ^(A, X - xo)Co{\I + AcY^dX, (25) 
r 

X 

X{x) = + y B{y)<j2C{y)dy. (26) 



Theorem 3.5. The collection 



C{x) Ac,X(a;),A cri,cr2,7 



defined by the standard construction from the node 91o is a prevessel, coinciding with VIq for x — xq. 

Proof: The condition B{x)a2 is ^-regular comes from the definition of B{x). Indeed, for all X,x 
{XI — A)~^ Bo${X, X — xo) £ D{A). By the existence of the functional calculus, it follows that pU|l . 
(Illf) hold. The equation (|12|) is immediate and the Lyapunov equation (|6]) follows from Lemma [3. 2 1 
Finally, we have to show that X{x){D{A)) C D{A). For each u £ D{A) 

X(a;)u = Xou+ [ B{y)a2C{y)udy. 

J XQ 

Here Xoit £ D{A) by the assumptions on Vlo- B(y)o2 G D{A) by the j4-regularity of B{y)o2- 
Moreover, since for each u £ D{A) 

d 

—B(x)oxC(x)u = ~AB(x)o2C(x)u - B(x)o2C(x)Acu 
ox 

by integrating, we will obtain that 

r d r 

I AB{y)a2C{y)udy = BoaiCou- —B{x)aiC{x)u+ B{x)a2C{x)A(udy 

Jxo OX J 

exists. So, by the closeness of the operator A, we obtain that 



A r B{y)a2C{y)udy = T AB{y)a2C{y)udy 

J xn J xn 



exists and ^ B{y)o2C{y)udy € D{A). □ 
If on an interval I, including xo the operator X(a;) is also invertible, we can define 7* (a;). In fact, 
the following Theorem holds. 

Theorem 3.6 (local scattering). Suppose that Vlo is an invertible node, then there exists an interval 
I , including the given point xq and a vessel 03 on 1, such that at x = xo the vessel 2J coincides with 
the node 9Io- 

Proof: Since Xo is invertible, there exists a small interval I, including xo on which the operator 



x) = X„ + / B{y)a2C{y)dy 
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is invertible. As a result, we can define 7* (a;) by the Unkage condition (|14|l . In order to show that 
the collection (|13p 

C{x) A(;,X{x),A B{x) CTi,(J2,7,7,(a::) 
K. I 



is a vessel, it is necessary and sufficient to show that QJ is an invertible node for all a; G I, for which 
in turn we must show that X~^{x){D{A)) C D{A). Notice that 



and 

d 



^{x)B{x)(j^C{x)X'^{x)u\ = 



%-\y)B{v)o2C{y)X-\y)udy 



~^ {x)B{x)a2C{x)X~^ {x)u + {x)B{x)a2C{x)X~^ {x)A, 



following from (|16p . (|17[1 . As a result, we can use the same proof as for 'K[x)[D(A)) C D(A) in 
Theorem [331 □ 
The transfer function 

S{\) = / - CoXo '(AJ - Ay^Bocri 

can be considered as a "scattering data" , because 7, {x) (a generalized potential) is uniquely deter- 
mined from S{X) by this construction. The uniqueness of 5(A) for a given potential ')*(x) is false. 
For example, notice that multiplying the given intial value S'(A) by arbitrary scalar function a(A), 
bounded at infinity, with limit 1 there, we will obtain that the two functions 

$.(A,a;)S(A)$"'(A,x), a(A)$. (A, a;)5(A)$"'(A, a;) 

correspond to the same 7* (a;). They can be obtained by applying the standard construction to S(A) 
and to o(A)S(A). 

A weaker form of the uniqueness is presented in the next Lemma. We emphasize that a similar 
Lemma was proved in the Sturm-Liouville case in [Melb] and analogous result exists in [Fad74| for 
purely continuous spectrum. 

Lemma 3.7. Suppose that two functions S{\,x), S(X,x) are in class I{ai, a2,"/;fl) , possessing the 
same initial value 

S{\,0) = 5(A,0) 

and are bounded at a neighborhood of infinity, with a limit value I there. Then the corresponding 
outer potentials are equal on 

7.(x) = 7, (a;). 

Proof: Suppose that 

S(A,a;) = $.(A,a;)S(A,0)$"'(A,a;), S{\,x) = (A, i)5'(A, 0)$~' (A, a;), 
as in (1231). Then 



S"'(A,a;)5(A,a;) = (A, a;)$7'(A, a;) 

is entire (the singularities appear in ^(A, 0) — S{X, 0) only and are canceled) and equal to / (- 
the identity matrix) at infinity. By a Liouville theorem, it is a constant function, namely I. So 
$.(A,a;)$-^(A,a;) = J or 

cE',(A,a;) = $,(A,a;). 

If we differentiate this, we obtain that 7*(x) = 7* (a;) on Q. □ 
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3.3 Tau function of a prevessel 

Existence of the vessel and its transfer function relies on the invertability of the operator X(a;). In 
order to investigate the existence of the inverse for X(a;) notice that from (|12|l 

X 

X(x) = Xo + j B{y)a2C{y)dy 



it follows that 



Xo'X{x) = 1 + Xo ' J B{y)o2C{y)dy. 



Since 02 has finite rank, this expression is of the form / + T, for a trace class operator T and since 

Xo is an invertible operator, there exists a non trivial interval (of length at least — ri") on which 

11^0 II 

X(a;) and t{x) are defined. Recall |GK69| that a function F{x) from (a, b) into the group G (the 
set of bounded invertible operators on H of the form I + T, for a trace-class operator T) is said to 
be differentiable if F(x) — J is differentiable as a map into the trace-class operators. In our case, 

-^(Xn 'X(a;)) = Xn '-^X(x) = Xq^ B(x)a2C(x) 
dx dx 

exists in trace-class norm. This leads us to the following 

Definition 3.9. For a given prevessel pteQJ (|9]) the tau function t{x) is defined as 

r = det(Xo 'X(a;)). (27) 

Israel Gohberg and Mark Krein |GK69I formula 1.14 on p. 163] proved that if X^^X(a:) is a 
differentiable function into G, then t{x) — sp(X^^X(a::)) is a differentiable map into C* with 

^ = sp((Xo 'X(a;))"'^(Xo 'X(x))) = sp(X(x)'X"' (a;)) = 

= sp(B(x)cr2C(a;)X"^(a;)) = ti:{a2C{x)X'^(x)B{x)). (28) 
Differentiating this expression, we obtain that 

(-)' = — - i-f = -^tr{a2Cix)X-\x)B{x)). 
T T T ax 

Using vessel conditions, since B{x), X~^{x) are differentiable bounded operators in the case AX-^{x)B(x) 
exists, or in the case it is canceled (SL case) we obtain that 

^tr{a2C{x)X-^{x)B{x)) = 

= tr(a2crj-i(-a2C(2:)Ac - -f* C{x))X-^{x)B{x))~ 

-tY{a2C(x)X-\x)B{x)G2C{x)X-^{x)B{x))+t^{G2C{x)X-^{x){-AB{x)a2 - B(xyi)G-^) = 
= tr(a2cri-V2C(x)[-AcX-i - X-^A]B{x)) - tr([o-2aj-^7' + -ia:[''o2]C{x)X-^{x)B{x))~ 

-tx{a2C{x)X-^ {x)B{x)g2C{x)X-^ {x)B(x)) = 
= U{a2G^'^<J2C{x)X-^B{x)arC{x)X-^B{x)) - tr{[(j2(J^^'y* + ■-i(j-^g2]C{x)X-^(x)B{x))- 

-tx{G2C{x)X-'^{x)B(x)G2C{x)X'^{x)B[x)). 

(29) 



^sp - stands for the trace in the infinite dimensional space. 
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Theorem 3.8. Suppose that pte2J ^ is a prevessel. Define an open set 

n = {x\ t{x) / 0}. 
Then the prevessel prc2J is a vessel on fl. 

Proof: for each xq in which t{xo) 7^ 0, the operator X(a;o) is invertible. Then there exists a closed 
interval Ixg, including xo on which prcQJ defines a vessel by Theorem 13.61 Then fl = UxqIxq and it 
finishes the proof. □ 

3.4 Moments and their properties 

If the function S{X) is analytic at the neighborhood of infinity, one can consider its Taylor series 
S(A) = / - Cll-\XI - A)-'Ba^ x^''^- (^0) 

n— 

But in the general case this expansion may not converge. Still the following Definition can be in 
force. 

Definition 3.10. The n-th moment Hn of a vessel 2J is; 

provided that the image of B is in D{A"). The moment is defined to be infinity, otherwise. 

Moments will play a crucial role in the future research and we will the following defining property 
for them. 

Theorem 3.9. Suppose that the moments Ho, ■ ■ ■ , H„+i are finite and differentiable, then 

Proof: In the regular case, when all the operators are bounded, (|3ip follows from the differential 
equation (|20|) . In the general case, it follows from (|10p . (|12p and p4|) . □ 

Theorem 3.10 (Uniqueness of the moments). Suppose that two sequences of moments H„{x) and 
Hn(x) are finite, differentiable and satisfy (|35|) with analytic 7,(2:) and "j*{x) respectively. Then 
from 

H„{0)^H„{0), Vn = 0,l,2,... 

it follows that 7* (a;) — 7* (a;). // the infinite system of equations (1351) has a unique sequence of 
solutions Hn{x) for a given "/,{x) and initial values H„{0) then Hn{x) — Hn{x). 

Proof: Let us show by the induction that Hq"\o) — (i/)g"'(0) for all n = 0, 1, 2, . . .. And since 
these two moments are analytic, the result will follow from the uniqueness of the Taylor series. For 
n = 0, Ho{0) = Hq{0) and the basis of the induction follows. Then from H3ip it follows that 

Hg'\x) = (7j7 V2-9"i — Hia2a^^ + G^^'jtHo — //o7(Tf \ 
Differentiating again, using (|31|l for n = 0, 1 and the Linkage condition ([14]), we will obtain that 

= o^^cj2Hx — Hi(T2(7^^ + f^r^(7 + — cJxHoa2)Ho — Ho'^a^^ = P2{Ho{x), Hi{x), H2{x)) 
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for a non-commutative polynomial P2 with constant coefficients (depending on ai, cri, 7). This shows 
that a simple induction results in 



for a non-commutative polynomial P„ with constant matrix-coefficients. As a result, plugging here 
X = and using the condition //„(0) — Hn{0) 



H^,"\o)=P4Ho{0),H^{0),...,Hn{0),Hn+im 



= P„(f/o(0),//i(0),...,Jf„(0),Jf„+i(0)) = (0). 

From here it follows that Ho{x) — Ho{x) and hence by the linkage condition p4[) 7,(3;) = 7*(x). 
Then the last statement of the Theorem follows from the uniqueness of solutions. □ 



4 Sturm-Liouville vessels 

In the special case of SL vessel parameters, we obtain that equations (|18|) . (|19p are equivalent to 
((2]). Let us explain it in more details. 

Definition 4.1. The Sturm Liouville (SL) vessel parameters are defined as follows 





■ 


1 ■ 




1 


■ 




■ ■ 


(Jl = 


1 





, 0-2 = 








, 7 = 


i 



Suppose that we are given a SL vessel 9J, in other words, QJ (|13|) is defined for the SL vessel 
parameters. Denote a differentiable 2x2 matrix function Ho = B*{xy%r^{x)B{x) ~ ^ 

Then from ((28]) it follows that — = tr{a2B* {x)X'^ {x)B{x)) = a is the 1,1 entry of Hq. Using 

r 

simple calculations it follows that 

020-1^02 — 0, tr{o2Hoo2Ho) — {tT{a2Ho))^ , 0-20-1 ^ -y* + joi^ a2 = 
and we obtain from (I29II that 



~i 

1 



T 

T 



-i 

1 



Ho)^iic^b). 



Notice that the terms involving operator A are canceled. Moreover, we obtain that 
7,(3;) =7-1- a2Hoai — aiHoa2 = 



6 — c a 
— a i 



r, r 

T 

t 

T 



Thus we obtain the following lemma (appearing already in [Mellll Proposition 3.2 ]) 
Lemma 4.1. For SL vessel parameters, the following formula for 7* (a;) holds 



7.(2;) = 



T 



r 
r 

i 
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Analogously to [Mellll Section 3.1.1], simple calculations show that denoting it(A, a;) = 
we shall obtain that the input compatibility condition (|18|) is equivalent to 



Ml (A, x) 

U2{\, x) 



^ui(X,x) — —iXui(X,x), 



The output y{X,x) = 
equivalent to 



y2(x,x) 



U2{X,x) = -i-^ui{X,x). 
= S{X,x)u{X,x) satisfies the output equation (|19p . which is 



(32) 



Tyi(X,x) - 2— [ln(r(a;))]yi(A,a;) = ~iXyi{X,x), 
y2[X,x) = -i[^yi{X,x) + ^yi(A,a;)]. 

Observing the first coordinates u\{X,x),y\{X,x) of the vector-functions u{X,x),y[X,x) we can see 
that multiplication by ^(A, x) maps solution of the trivial SL equation (i.e. q{x) = 0) to solutions 
of the more complicated one, defined by the potential 



q{x) 



-2^Hr(^))], 



(33) 



which can be considered as an analogue of the scattering theory. 



4.1 Construction of a realized function, possessing given Moments 

Notice that the formula for the first moment is 



Ho 



b 

,22 



i{h - c) = 



In the case c = —h, we obtain the following form, which will be used further in the text: 



Ho 



2t 



IT 

""27 



(34) 



Studying equation (|3ip one can obtain a formula for the moment Hn+i 
ri2 1 I 



rr21 



tt\2 

-"n + l 
rr22 



terms of //„ — 



Hi^ 

rr21 



H„, 
H 



22 



as follows (here /3 = ,7rii = /?' — /3 ): 

T 



Hi 



H„ 



:{H}? + H"^ 



d~ rrl2 n n d rrl2 



(35) 



Indeed, plugging the SL vessel parameters (Definition 14. ip into (|3ip we find that 



Hn'^ 
rr21 
tlr,. 



rrl2 

rr22 
tlr, 



^a2Hn + l — Hn + l<y2(^i ^ + ^7, JJ"„ — H^'^O-^ ^ 
n + 1 



rrl2 



+ 



PHl^ + iHl 



PHI 
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Expressing H„^i from 1, 2 and 2, 1 entries of this equality, we obtain that 

rrll d 12 oul2 I •rr22 rr21 / ■ rrll o rr21 •rr22-, 

if„+i = - — ii„ +/3/i„ +z/i„ = -^H„ - (-i7riiiJ„ - /3-H„ " iH„ ) 

The first equality here is identical to the first equality in (|35p . and the second equality is identical 
to the third line of (|35|) . In a similar manner one can derive the other equations (see (AMV] for 
more details). 

From the formulas psp it follows that we can construct the moments Hn with a special pattern. 
Namely, one can choose the initial conditions for Hl^ + and (which are not assigned in 
(|35[) ) so that the following Lemma holds. 

Lemma 4.2. There exists a choice of initial conditions such that 



Hn 



■ 7i2 j2; 



(36) 



from it follows that H^\i = i"+-^(d5^^ — + -^^n^) = ^"'''^'^n+i and is of the required form. 



with real-valued function r„ ,h„ ,dn ■ More precisely, the conditions at must he chosen so that 

rHf(0)GR, Hl^ + Hl^=Q. 

Proof: Using induction, it is necessary to choose r = 0, ftp £ R in formula (|34p and the first moment 
Ho will satisfy the required condition. Suppose that Hn is of the form stated at the theorem. Then 

d_ 

dx 

Similarly, the other formulas of (|35p produce the required result. Notice that the initial conditions 
for Hn+i must be chosen so that Hl\i{G) G R and Hl\^{G) + -ff^+i(0) =0. □ 
Suppose that we are given moments Hn, realized in the form (|36|l . We would like to construct a 
function 5(A) with these moments, analytic at C\iR and possessing the following realization form 

S{\) ^ I - f -^dp{^^)ai, (37) 

a 

where dp — dp+ — dp- is a 2 x 2 matrix measure, which is a difference of two positive matrix- 
measures dp+, dp-. Moreover, we want the measures p, dp+, dp- to be analytic, namely, to satisfy 
the following 

Definition 4.2. A measure dp is called analytic, if J i/^dp{ii) is finite for each n = 0, 1, 2, . . .. For 

each function S{\), realized m the form (|37p with an analytic measure p, we define its n-th moment 
as H^ = J {ipYdp. 



realized in form (jSTjl with an analytic measure dp 



on R, with real signed 



Theorem 4.3. Given a sequence of moments Hn of the form (|36|l . there exists a function S{\), 

dpii idpi2 
—idpi2 dp22 

measures pii, pi2, P22 whose moments coincide with the given ones. Namely, it holds that Hn ~ Hn- 

Remark: this Theorem is best illustrated if dp has a bounded support. Taking A, satisfying 

1 °° (iu)" 

I A] > sup I supp(dp)|, there exists Taylor expansion — — _f . and the moments Hn are 

X — ifi n=o 

just the Taylor coefficients. This also gives an idea of the converse construction, when given moments 
Hn have exponential growth: ||-ffn|| < kC" . Define the function as 5(A) ~ I — " ai. The 

n = 

fact that this function can be extended to C\iR with a realization in the form (|37p follows from this 
theorem. 
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Proof: We use the Hamburger problem, which constructs a positive Borel measure p for a given 
set of real numbers mo, mi, m2, . . .. More precisely, there exists a Borel measure p satisfying 
/ n"dp{iJ,) = nin if and only if the Hankel matrices 



mo mi 
mi 1712 

rUn m„+i 



m„ 
m„+i 

m2n 



are positive. 

In order to prove our theorem, notice that it is enough to prove the scalar case, because the 2x2 
case consists of four problems for each entry: 



HI: 



—idpi2 dp22 



—ib. 



12 j22 



or equivalently 



J //"dpii = r", J i/^dpi2 = bl^, J /Lt"dp22 = 



R R 

The scalar problem is solvable as follows. Suppose that we are given a set of real numbers 

mo,mi,m2, Let M„ be the corresponding Hankel matrices. Wc are going to construct two 

additional sequences u„, m„ which satisfy the conditions of the Hamburger Theorem and are such 
that For mo, it is immediate that mo = vo — uo, for some positive vo ^ and 

Mo. Suppose by induction, that wc have constructed vi,. . . ,V2n, ui,. . . ,U2n and matrices Vn, Un, 
similar to the construction of M„. Suppose also by the induction that det Vn > 0. Let V2n+i,V2(n+i) 
be parameters and construct next 



M„4 



where m = 



M„ m 

rh^ 'Tt2(n+l) 



Vn V 
V* V2(n+1) 



Vn^ 



M„4 



m„+i 




Vn+1 


m„+2 




Vn+2 




, V = 




m,2n + l 




V2n + 1 



. Using the principal minors criteria for the positivity of a 



matrix, all the principal minors of Vn+i are those of Vn, except for the last one: 

det(Ki+i) = V2(n+i) det Vn + Ci. 

The last formula is obtained by expansion along the last column of V„+i. Taking W2(n+i) > 
C 

— -; — 777-Ti we obtain that Vn+i is positive and detKi+i > 0. Similarly, all the principal minors of 
det(Vn) 

Un+i are those fo Un (hence positive), except for the last one: 

det Un+l = (V2(n+1) - '«2(n+l)) det Un+C2, 



so we have to demand that V2(n+i) > 'Ti2(n+i) + 



C2 



det 



resulting in the positivity of the matrix Un+i 



and det U„+i > 0. Notice that V2n+i is arbitrary and we choose V2(n+i) > max(— - — , ^12(71+1) + 

det y Vn ) 

C2 

- — 7;—), finishing the construction of the sequences Vn,u„. 
det Un 
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Finally, using Hamburger theorem, we find measures p+ and p- such that 

fi"dp+{ii), u„= p"dp-{ii). 



As a result, for the signed measure dp = dp+ — dp- it holds that 

lj"dp = / ij"dp+ — / p"dp- = Vn — u„ — m„ 



□ 



Next theorem appears in |Boa39) . 

Corollary 4.4. Given a sequence of moments H„ of the form (|36|l . there exists a function S{\), 

dpii idpi2 



realized in form (1371) with an analytic measure dp — "".^.^^ ""■f Theorem \4-3\ with 

[ -ldpi2 dp22 J ' ' 

support on [0, oo] . 

Proof: Using the construction of Theorem l4.3l we can add a requirement on the choice of V2n+i , U2n+i 
so that the conditions of the Stieltjes moment problem are fulfilled. Additionally to the positivity 
of Vn one has to require also that the matrices 



V' 



VI 
V2 



V2 
V2 



V„+l Vn+2 



Vn + 1 
Vn + 2 



V2n + 1 



are positive (similar matrix U'n is constructed from u„'s). The condition is easily obtained when 
one considers the principal minors and uses the induction similarly to the proof of Theorem 1361 □ 

Theorem 4.5. Suppose that a function S{\) possesses a realization p7[) 



S{\) = I - 



X ~ ip 



dp{p)ai 



for an analytic measure dp : 



dpw idp\2 
-idpi2 dp22 



Then there exists an invertihle node 



Co ^c.^o,^ Bo ax 



where A, ^4^ are generators of analytic semi groups. The transfer function of the node Dlo is eq 
to 5(A). 

Proof: We are going to explicitly construct such a node, based on H37|) . Let us define two measures 
on column vector-functions with 2 entries: 



dp-^ 



dp'l^ + d\pi2\ idpi2 
—idpi2 dp22 + d\pi2\ 



dp 



dpii+d|pi2| 

dp22 + d\pi2\ 



(38) 



It is easy to see that dp = dp^ — dp and we denote by d\p\ — dp^ + dp . Define a Hilbert space 
'H of column vector-functions with 2 entries as follows (SH = supp{dp)) 



ui{p) 


eR^\ [ 


_ U2{p) 


Jm 



u* {p)d\p(p)\u{p) < oo}, 



(39) 
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equipped with the inner product 



{u,v)h = / v*(p)d\p{ti)\u{^). 



(40) 



This is a well defined object, because the measures dp^,dp^ are positive on the corresponding 

'"1 (m) 



vector-functions. The positivity of dp is immediate using (I38|l on arbitrary integrable 

vlifl) V2{p) 



V2{p) 



dpii+d|pi2| 

dp22+d\pi_2\ 



v{p) 
v{ii) 



I \vi\^ {dp-^^ + d\pi2\) + I \v2\'^{dp22+ d\pl2\) '>G- 



For the measure dp"*" we need more computations and the following formula can be shown: 

= I |t;i|^dpi+ / \v2\'dpt2 + I (SRui + 9«2)''dp+2 + / (5ftw2 - 9ui)'dp+2 > 0. 
Jvi Jm Jvi 



dp'^j^ + d\pi2\ idpi2 
-idpi2 dp22 + d\pi2\ 



v{p.) 



We define a Krein space IC = H as a, set, equipped with the following sesqui-linear form 

[u,v]tc= / v*{^i)dp{^i)u{fi). (41) 
Define the operator A = ip as the multiplication operator and 

AJ ^ -ipfip) ~ a, f dp{5)f{S). 



The operator A( is a two-dimensional perturbation of the operator — A: each function f{p) is mapped 
by A( to the sum of —ipf{p) and a constant function K = — cri J^dp{5)f{S). The operators are 
generators of analytic semi-groups. Indeed, the group for A is given by e'*^^ and is unitary. For the 
operator A^^, we notice that for big enough A > 0, we can explicitly write the inverse of XI — Aq. 
From 

(A/ - Ac)f = {X + iij)f{p) + aiBo7 = (A + ip)f{iA + a^K = g{p) 

it follows that 



X + ip 

where the constant vector K = K{X,g) is found from the condition K — Bq[ ^^^^ — — — ]. Solving 
it we find that 



X + ip 



dp{p) 
X + ip 



]K = 



and since for big enough |A| it holds that \\ai J 



dpjp) 
X + ip 



K=[I + ai 



dpjp) J 
X + ip 



dp{p)g{p) 
X + ip 



< 1, we obtain 



dp{p)g{p) 

x + ip 
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From here it follows immediately that {XI — A^)^^ is bounded and Ac; is a generator of an analytic 
semi group. 

Obviously, D{A() — D{A). Define Xo = / : — >■ /C - the identity operator. So, the conditions 
Xo{D{A)) = D{A) = Xq^{D{A)) of an invertible node are fulfilled. Define Bo ^ Co ^ I : ^ K. 
and notice that Co : AC — is an integration as follows (/ G K.) 



Cofu = / dp{fi)f{p). 

JR 

Then we compute for each / G D{A) 

AXofip) + XoAc/(At) + BoaiCofiti) = ipfM - ipf{p) - cn Jj,dp{S)f{S) + ai j^dp{p)u{ij) = 0, 
which means that the set 

is an invertible node. Its transfer function is 

I - CoXo-i(A/ - A)-^Boai = / - /j. Idp{fi)I{X - ifi)-^Iai 

-S{X) 

and the Theorem follows. □ 



/* At;, I, A I ai 



4.2 Construction of a vessel, realizing a given analytic potential 



Suppose that an analytic function q{x) is given. We assume that xo = for the simplicity of 
notations. Using results of the previous Section [4.11 or more precisely CoroUarv 14.41 we construct 
an invertible node OTo to which we can apply the standard construction of a prevessel (see Section 
13. 2p . We obtain in this manner a prevessel pre2J. Moreover, by Theorem 13.61 there exists an interval 
I, including xo and a vessel QJ on I, such that the potential of the vessel qv{x) exists and is analytic. 
Moreover, from the form of the zero moment Ho{x), by observing its 1, 1 entry we will obtain that 
qv{x) = q{x) on I. So, if we are able to show that actually the vessel QJ exists on the whole R, we 
will realize the given potential by a vessel, constructing a scattering theory for it. 

The following Theorem 14.61 shows that there exists a transfer function S{X,x), which realizes 
the given potential. This is a first sign that a vessel QJ realizing q{x) on R exists. Let us denote 
by ^{p.,x),^t{p.,x) the fundamental solutions of (|18[) . (|19p respectively. First we notice that the 
columns and rows of the fundamental matrices are in IC. Indeed 



cos(Y^a::) — iy^sin(y^a:) 



.sin(Y^a::) 



cos(y^a;) 



(42) 



and it is obvious that \^{ifi,x)\ < y/JIC for some constant. Since d\p{fi)\ is analytic the integral 

\${ifi,x)\'^d\p{p,)\ < CM pd\p{fi)\ 



is finite, which means that the columns and rows of ${ijj,,x) are in IC. To prove that the columns 
and rows of $«(i/i, x) are in IC for each a; G R, we need to learn its structure first. From ((32]), (|33|) 
it follows that 



d 



(t){p.,x) 



iip{p.,s) 



-i(^0(M, ~ P{x)ct){p., x)) ^^(m, - I3{x)ip{p, x) 
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1 ^ 

where I3{x) = — — J q(y)dy and (p{ij,, x),^{fi, x) are solutions of ((2]) with the initial conditions 

2 

The structure of these solutions is very well known [Fad 74] . Using variation of coefficients they 
satisfy 

(j>{^i, x) = cos(^a::) + / ^^^^VJ^^-^ y^^y^ 

^ vA* 

x) = sin(07a;) + / ^^"^^^^ —q{y)ij{fi, y)dy. 

V^* 

And from their Liouville-Neumann series solutions we obtain 

X 

<j}{^j.,x) = cos(^a;) - J ^'"^^ji! — —q{y) cos{^y)dy+ 



y 



f sin(^(a;-y)) r sin(^(y-yi)) 
+ J -= q(y) J = q(yi) cos{^y)dyidy 



J VJ^ 

u 

sin(.y/I(3^ ~ y)) 

Since | — — 1, | cos{y/Jiy)\ < f, \q{y)\ < Mx on [0, a;] (or on [a;,0] for a; < 0) for a constant 

Mx>0 

II I ^ I y 

supj(j!>(/i,x)l < f + / Mxdy+ / / M^dyidy A = e^"'""' < oo. 



Differentiating the formula for (/!>(/i, a;) we find that 

X 

-<j}{^, x) ^ -y/Jl sm{^x) + J cos{^{x -y))q{y)(l}{fi,y)dy, 



d_ 

dx'' 



from where it follows that \-^<l){^, x)\ < C^/JI, knowing the bound for \(f>{jj,, x)\. Similarly, one finds 

that 4){fj,,x) and its a;-derivative satisfy the same bounds and as a result a;)| < ^/JIC and the 

columns and rows of $*(^, a:) are in IC. 

Theorem 4.6 (Transfer function construction). Let q{x) be an analytic functions and let H„{x) be 
the moments, constructed in (|35|) . Suppose that S{X) is realized in the form (|37p 

S(A) = J- / -^dp(M)(Ti, 
J A - z/i 

R 

With an analytic measure dp and satisfies H'f = H„{0). Let $(A, x), $*(A, x) be the fundamental 
solutions of p8[) . p9|l respectively. Then the function 

S{\,x) — I— / - — - — $*(i/i, a;)dp(/i)$*(i^, a;)(Ti, 
J A - i/i 

satisfies H^{x) — Hn{x) for all a; G R. 
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Proof: Differentiating the n-th moment of ^(A, x) 

H^{x)= j $,(i^,x)dp(^)(j^)"$*(i/i,a;) 

E 

we find tliat 

d f 

— H^{x)^ / a^^{a2ifi + j,ix))$,{ifi,x)dp{fi){ifiy'^''{ifi,x)- 

R 

- J ^,{ifJ,, x)dp{fj,){ifj,)"^* {ifi, x){a2ifJ. + ^)(yi^ = 

M 

wliicfi is identical to (|3ip . So H^{x) and H„(x) have the same initial conditions and satisfy the same 
differential equations, so they are identical by the uniqueness of the moments Theorem 13.101 □ 

Corollary 4.7. Hn{x) — J $t{ifJ^, x)dp{fi){ifi)"'^* {ifi,x). Particularly, for n — 

Ho{x) ^ I ^t{i^i,x)dp(p)^*{ip,,x). 



Assume that for a given analytic q{x) we have constructed moments Hnix), a measure dp in 
CoroUarv 14.41 and a node 91o (Theorem 14.51) . Applying the standard construction Theorem 13.51 to 
OTo, we obtain a prevessel: 



preQJ = 



C{x) Aq,X{x),A B{x) 0-1,0-2,7 



In order to show that the operator X(x) is globally defined, we construct an "inverse vessel" as 
follows. We use similar to (|24|) . (|25|) definitions, using the fundamental matrix $,(A,a;) instead of 
^{\x): 

Definition 4.3. Define the operators 

Mx) = ^. j{\I + A(^)-^BoK{-\x)d\,, (43) 
r 

= j ^,{X,x)Co{XI ~ A)-^dX, (44) 
r 

X,{x) = I- f B,{x)a2C,{y)dy. (45) 



Lemma 4.8. The operators B, (x), C, (x), X» (x) satisfy 

-^B,(x) = {AcB,{x)a2 - B,{x)'y,(x))G^\ B,{Q) = Bo, (46) 

■^C,{x)u = a^^(o2C(x)A + 'y,{x)C*{x))u, ueD{A), C.(0) = Co, (47) 

AcX*(x)u + X*(x)Ait + B*(x)oiC,(x)it = 0, '!iGi3(yl). (48) 



Proof: Immediate from the definitions. The Lyapunov equation H48p follows similarly to the proof 
of Lemma [3.21 
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Lemma 4.9. Define moments G„{x) = C*(x)A"B{x) . Then G„{x) — Hn{x), particularly 

C*{x)B{x) = Hq{x). (49) 
Proof: The moments Gn{x) are weU defined, since A"B{x) is an element of K. for each n. Then 

^Gr^ix) ^ ^[C,{x)A^B{x)]^ 
ax ax 

= g^\g2C,{x)A"+^ + '~i^{x)C,{x)A")B{x) - C,{x)A"{AB{x)o2 + Bix)'y)a^^ = 
= cTi^ i(^2Gn+i{x) + ■y,{x)G„(x)) - {G„+i{x)a2 + G„{x)'yy^ = 

= ai^a2G„+i{x) — Gn+i{x)(T2ai^ + ai^jt{x)G„{x) — G„(x)7crj7^, 

which coincides with ((31]). Moreover, G„(0) = Hn{0) — CqA^^Bq by their constructions. So, by the 
uniqueness of the moments Theorem 13.101 Gnix) = Hn{x). □ 
From the equation (|49|) we obtain relations between the operators: 

Theorem 4.10. The following formulas hold 

X{x)B,{x) = B{x), C,{x)X{x) = C{x), 
X, {x)B{x) = B,{x), C(a;)X. {x) = C. (s) . 

Proof: Let us prove the identity C,{xyK{x) = C{x) and the rest are obtained in a similar manner. 
The following identities are applied to an element u £ D{A): 

^ [C, {x)X[x)] = (j-i [craC* {x)A + 7* {x)C, {x)\K{x) + C. (a;)B(a;)a2C(a:) 
* = (j^''a2C,{x)AX{x) + -i,{x)C^{x)X{x) + Ho{x)g2C{x) 

= using ^ 

= a^''a2C,{x)[~X{x)A^ - B{x)a^C{x)] + cr-^7,(a;)a(a;)X(3;) + Ho{x)a2C{x) 
= -cr-V2C,(x)X(a;)Ac - G2C,{x)B{x)(JiC(x) + 

+a-^'y,{x)C,{x)X{x) + J/o(K)a2C(x) 
= using (|49l) and ([I4l) 

= -crrV2[a(x)X(a:)]Ac + arS.(a;)[a(a;)X(3;)] - [7.(2;) - 7]C(x) 
in other words the operator Cti^xYKix) satisfies the following non- homogeneous differential equation 

= -a^^02YA^+al^'y4.x)y -b*{x)--t]C{x). 
On the other hand, C{x) satisfies the same differential equation: 

^C(x) = ~(j^\2C{x)A^ + (j^^r*{x)C{x) - [7.(2:) -7]C(x) = (j^\-(j2C{x)Ai+''iC{x)). 
dx 

Since C*(0)X(0) = C(0) = Co the result follows, by the uniqueness of the solution. Similarly, using 
(Uni), (US)) and dMl) 

^\X.{x)B{x)] = ^c[X*(a;)B(a;)]cr2ai-' - [X, (x)B(x)]7(7r' - B.{x)Yl,{x) - ^]o^\ 

and '%.f{x)B{x), substituted with B-i,{x) satisfies the same differential equation. Thus '%.t{x)B{x) = 
Bt,{x). As a result, we obtain that 

C{x)B,{x) = C{x)X,{x)B{x) = C.(a;)B(a;) = Ho{x). 

Then the equations C(a;)X*(a;) — C*{x), X(a;)i3*(a;) = B(a^) follows in the same manner. □ 
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Corollary 4.11. The operator X(a;) is invertible for all x gM. with the inverse X,{x) 



Proof: Notice that from Theorem 14. 101 it follows that 

-^[X(a;)X,(a;)] = B(x)a2C(x)X,(x) - X(x)BJx)a2CJx) = B(x)a2CJx) - B{x)g2CAx) = 0, 
dx 



— [X.(a;)X(x)] = -BAx)o2C,{x)%.{x) 
dx 



,(x)B(x)g2C(x) = B,(x)a2C{x) - B»(x)a2C{x) = 0. 



Since X(0)X,(0) = X*(0)X(0) = I, the Corollary follows. 
Theorem 4.12. The vessel, 



□ 



03 = 



C{x) A(;,X{x),A B{x) cri,a2,7,7,(a;) 



The matnx function 



obtained by applying the standard construction to the node Olo exists on 
7*(a::), defined by the linkage condition (|14p realizes the potential q{x) on R. 

Proof: Since X(j:) is globally invertible, we can repeat the proof of Theorem 13.61 in order to show 
that the prevessel prcQJ is an invertible node, this shows that QJ is a vessel, realizing an analytic 
potential qv{x) on R, since X(a;) is globally invertible. Then by theorem 14.61 the moments of the 
vessel 03 are equal to the moments Hn{x), particularly Ho{x) — C{x)X~^ {x)B{x) for which the 1, 1 
entry means that qv{x) = qix). □ 



5 KdV evolutionary vessels 

Let us evolve a SL vessel with respect to t. Some of the results presented here can be found in 
[Melfl [Melc] for symmetric vessels. 
We consider the following notion 

Definition 5.1. The collection of operators and spaces 



preQ3^ 



C(x,t) A(;,X{x,t),A B{x,t) (Tl,(T2,7 



(50) 



2. 



is called a KdV preVessel, if the following conditions hold: 1. pxt'^Bj^^iy is a node for all x,t £ 
operator B{x,t)a2 is -regular, B{x,t)^ is A-regular 3. C{x,t),X{x,t), B{x,t) are differentiable 
in both variables, when the other one is fixed, subject to the conditions (|10p . Hi}, (|12p and the 
following evolutionary equations (for arbitrary u £ D{A),v G D{A)) 



B 



d_ 

dt 
d r' 



= iA^B 
ox 

■ 9 „ . 
= -t — CArU 
ox 

„ . d 



= -iA{ABa2 + B'y)ai \ 



(51) 
(52) 

-„,..^^.. i—XAc + iB'yC)v ^i{ABa2C -iBa2CAc + iBjC)v, (53) 

where (T2 = (jJ , 7* = —7 are 2x2 matrices. The prevessel preQ3 is called symmetric if Aq = A* and 
C{x, t) ^ B'ix, t) for allx,t€R. 

Definition 5.2. The collection of operators, spaces and an open set SI C 



23j 



C{x,t) A(;,X{x,t),A B{x,t) cri,(J2,7,7,(a::,t) 



(54) 



is called a (non-symmetric) KdV vessel, if^Kdv is a KdV prevessel, X{x,t) is invertible on Q, 
^Kdv is also an invertible node. The 2x2 matrix-function 7, (a;,t) satisfies the linkage condition 
(I14|) . The vessel 23xdy is called symmetric if Aq = A* and C{x,t) = B*{x,t) for all x,t £ fl. 
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Theorem 5.1. Let ^Kdv be a KdV vessel. Suppose that the moments Ho, ■ ■ ■ ,H„+i are finite and 
differentiahle, then 

^Hn = i-^H„+i + i^[Ho]aiH„. (55) 
at ox ox 

The transfer function S{X, x, t) ^ satisfies the following differential equation 
Odd 

— S{X,x,t) = iX—S{\,x,t) + i—[Ho]aiS{\,x,t). (56) 
Proof: Consider the formula for the moments first. 

ot at 

— using evolutionary conditions (|5ip . (I53p 

= C^(-iAj)X-M"B - CX-^{iAX^ - iX^Ai: + iB'yC)X-'^A"B + CX-'^A"{iA)B^ = 

= using gU}, dH} and ^ 

d d 
= i-^Hn+i + i—[Ho]aiHn, 

Similarly one shows the formula (|56p . □ 
Corollary 5.2. The potential ^t{x,t) of a KdV vessel satisfies the following differential equation 

(7*)t = -ijt{Ho)xO-i + iai{Ho)xxcri + iailHo)^^*- (57) 

Proof: From the linkage condition and (|55p for n = it follows that 

(7*)t — a2{Ho)tai — ai{Ho)ta2 — 

= a2[i{Hi)j: + i{Ho)x(^iHo]ai — ai[i{Hi)x + i{Ho)x(^iHo]a2 

= icri[ai^a2iHi)x — {Hi)j:a2a^^]ai + icr2{Ho)xCriHoai ~ iai{Ho)x(^iHo(T2. 

For the first term in this expression we can use the formula (|3ip for n — 0, then 

d 

(7*)t = iai — [{Ho)x — a^^-jtHo + Ho'ya^^]ai + ia2{Ho)xO-iHoai — iai{Ho)xO-iHoa2 

= iai{Ho)xxO-i — i-^l'YtHoai + aiHo'y] + ia2{Ho)xO-iHoai — iai{Ho)xO-iHoa2 

= i(7i{Ho)xxcri — i'y,{Ho)xai — i{-y»)xHocri + (7i(ffo)x7 + i(^2{Ho)x(^iHoai — iai{Ho)x(JiHocr2- 

Then notice that 

—i{'y*)xHocri + ai{Ho)x'y + i(72{Ho)x(7iHoai — iai{Ho)x(7iHo(T2 = 

= —i[cy2{Ho)xO-i — ai{Ho)xO-2]Ho(Ji + (7i{Ho)x'y + icr2{Ho)x(JiHoai — iai{Ho)xC^iHoa2 = 
= i(7i{Ho)x['y + (J2Hoa\ — a\Hoa2] 
= iai{Ha)x'y*, 

and the result follows. □ 

Corollary 5.3. The potential q{x,t) of a KdV vessel satisfies the KdV equation ([TJ on Q., which is 
equivalent to ([57]). 

Proof: From the linkage condition it follows that for P = \ <l{y,t)dy 



7. = 



-iW'x-P^) 



Moreover, by (|33|l . the KdV equation for q{x,t) follows from the differential equation for P{t,x): 

-4:Pt = -6{Pxf +Pxxx. (58) 
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Then using ^E7} and dTH) 



-Pt = [ 1 ] (7.)t ^ =[10] [-i'y,{Ho):,ai + iai{Ho):,:,ai + iai{Ho)^j, 

= [ 1 ] [-1(7 + a2i?0'^l — '^liyoCr2)(-f/'o)a:Cri + icri(iyo)3:a:0-l + jo"l(-ffo)a!7*] 

We have seen in H34p that 

Ho = 



-/3 
2 



-ITTll 

2 

■ 22 

"■0 



Plugging this formula into the last expression we will find that 
From the last formula of (13511 it follows that 



{hf) 



1 — ZTT ii ^ no/^^^ll\ 1_ a2o , l/o ^2 

2i^*-~ 



7 l^xx 



Plugging this expression into the formula for —jit, we will obtain (|58fl 

which the KdV equation for /3(x). Differentiating it with respect to x, we will obtain the regular 
KdV equation ((T} for q{x, t) = 2l3x{x, t). It is a matter of simple algebraic calculations to verify that 
the 1, 1 entry of ((57} is equivalent to ([l}, since the 1, 1 entry of 7,(x, t) — ~i{l3x — /3^) is expressible 
in terms of /3. □ 
Now we obtain the Main Theorem, because the fact that ^{x) is invertible for a fixed x implies 
that its norm is bounded from below and a small perturbation of it is still invertible. 

Main Theorem 5.4. Suppose that q{x) is an analytic function on R. There exists a KdV vessel, 
which exists onQ, 'Z^. For each a; G R there exists > such that {x} x [—Tx,Tx] € ^l. The 
potential q{x) is realized by the vessel for t — 0. 

Proof: For the given analytic potential q{x) we construct a SL vessel 



C{x) A(,X{x),A B{x) 0-1,0-2, 7, 7* (a;) 

B{x) = C{x) = f ^(X,x)Co(XI + Ary^dX 

2m p 

X{x) = / + /; Biy)a2Ciy)dy = 

^ ^ ^ <i>^i^,x)aM\^)-a, ^^^^^ ^ 
(X in) 

defined in Theorem 14.121 The last formula for ^{x) comes from an easily checkable fact that 

8 $ {iH,x)ai^{X x) oi ^ q,*(if^^x)a2(^{X,x). On its basis we define A KdV vessel (l54l) 

ox (X — ifi) 

_ \ C{x,t) Ac,X{x,t),A B{x,t) ai,a2,'y,'y*{x,t) 
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as follows: 



B{x,t) = ^*{ifi,x- fit), C{x,t) = — f cE>(A,x - i\t)Co{\I + AA'^dX, 

It is a matter of simple algebraic calculations to verify that B{x,t),C{x,t),X{x,t) satisfy the con- 
ditions of a KdV prevessel. One has to use the fact that 

d $* (i/i, X — fj,t)ai${\, X — iXt) — ai 



dt 



(A - ifi) 



X — ^t)a2^{\, X — i\t){\ + ifi) + i$* (i/i, x — fit)-f^{X, x — i\t). 



Finally, notice that for t = the operator X(x, 0) equals to the operator X(a;) of the SL vessel, 
constructed for q{x). Thus the set f2, on which X(a;,t) is invertible includes R x {0}. Moreover, 
since (j4J)"C*(a;)(T2 is exists for all n by the construction, we obtain that c!-iC(x)A(^ is a well defined 
BOUNDED functional on K,. Thus the expression 



AB{x, s)a2C{x, s) — iB{x, s) 



[Aldx) 



I* + iB{x, s)^C{x, s) 



is a bounded operator on K,. As a result, the operator X(x, t) is bounded for some t G \—Tx,Tx\, 
where 

\AB{x, s)(J2C{x, s) — iB{x, s)ct2C(x, s)Aq + iB{x, s)'yC{x, s)\\ 



<T^ < 



□ 



||X-i(a:,0)|| 

Finally, we present a Theorem, providing a conclusion that this theory of vessels is the ultimate tool 
for studying solutions of ([1]). A most general Theorem in this connection is to show that if there is 
an open set Q, where solution is known to exist, then the operator X(a;, t) is invertible in this region. 
Since we use the uniqueness of solutions for ODEs, the set Q must be at least simply-connected. 
On the other hand, we do not want enter into topological difficulties, arising from such a general 
assumption, so we choose a very important and practical case of a strip. So, if it is known that the 
solution of ll} exists on R x [0,r], we would like to show that the vessel, which realizes q{x) at 
t = will exist on this strip. 

The idea of the proof of such a Theorem is very simple. We actually explicitly construct the 
inevsrse of X(a::, t) , using the assumption that that there exists a solution q{x, of ((TJ on R x [0, T] . 
For a potential q{x,t) on the strip, which solves ((!]) we can define 



P{x,t) 



Deine also 



{y,t)dy, 7m{x,t) = l34x,t)-fix,t), 7,(2;,f) by 112). 

.nii{x,t) 



9 rr , . 9 



-I3{x,t) 

.■7Vll{x,t) 



hf{x,t) 



where —hQ''{x,t) is real- valued and satisfies the last equation of (f35l 



'2i-^hf{x,t) 



^^S.^l±2^1+2^P{x,t)-^ ^n(x,t) 



dx'^ 



dx 
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Then there exists a unique solution $,{X,x,t), satisfying the following system of equations 

Xa2^,{\,x,t) - cri^$*(A,a;,t) + 7*(x, t)<E>*(A, x, = 0, 

(A, X, t) = iA— $,(A, X, i) + i-^[Ho(x, f)]<7i<E>, (A, x, t), (^9) 
I $*(A,0,0) = 7. 

Notice that for t — the fundamental matrix $,{X,x,0) coincides with the fundamental matrix 
$*(A,x) considered earlier as the solution of (|19[1 . Evolving this solution using f-derivative, we will 
get the fundamental solution of (|59[l . Notice that the system of equations (|59[) is uniquely solvable 
in R X [0, r]. The identity of second mixed partial derivatives 

follows from (|57p . which is identical to ([1} due to CoroUarv 15.31 We define the moments, associated 
with q{x, t) as follows 



H„{x,t) = / ^,{ifi,x,t)dp{p.)(ip.)"^{ifi,x,t), 
Jo 

where dp is the measure constructed for q{x, 0) in the previous section. Then indeed 

Ho(x,t) = / x,t)dp{p)${ifi, x,t). 

Jo 

It follows from the uniqueness of the analytic solution q{x,t) of the KdV equation ([1} at the strip 
R X [0, T\. The entry h^{x,t) is chosen from this equality and will satisfy the last equation of H35|) . 
which holds for ^^{ijj,, x,t)dp{p)^{ijj,, x,t) by the construction. 
We can define the following operators: 

B,{x,t) = ^ J{XI + Ac)-^Bo^:{X,x,t)dX, 

C4x,t) = ^/$.(A,x,f)Co(A/-4)-idA, (60) 

X.(x, t)^I-lj^ dX{XI + ^^)-ig^ '&:a,^,t)aicI>,(^,x,t)-ai ^^^^^ _ 

A — 1^ 

where F is in the sector of regularity of A, A,; as in the previous section. Along with differential 
equations (|46p . (|47p . (|48|l these operators will also satisfy analogues of (|51|) . (|52|) . (|53|l as follows: 

=-.Ac^B_.B...|-Ho, (61) 

^a^t =i-^C,Au + i^[Ho]aiC,u, (62) 

^X.« = (iA(;B.cr2C. - iB^aiC^A - iB,-f,C,)v, (63) 

One can argue that these differential equations actually serve as defining ones for the operators 
i3«,C, ,X« with the initial conditions at t = X, (x)_B(x), C(2;)X*(x), X*(x) defined in the previous 
section. 

Lemma 5.5 (Uniqueness of the moments). Suppose that H„{x,t) and Hn{x,t) are two sequences 
of moments, which are analytic in x,t, satisfy (|55p and Hn{x,Q) = H„{x,0) for all x G R. Then 
Hnix, t) = Hn{x, t) for all x, t. 
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Proof: It is mmediate from (|55|) . because for n — 0, for example, 
§-^Ho{x, 0) = i-^Hi{x, 0) + ^^[Ho]{x, 0)aiHo{x, 0) = 



= i-^Hi{x,0) + i^[Ho]{x,0)aiHo{x,0) = ^^Ho{x,0). 
Continuing in the same manner by induction, we will obtain that 

|//r(--0) = |j?r(-,o) 

and the Lemma follows. □ 
Corollary 5.6. the following equality holds 

C,{x,t)A"B{x,t) = Hn{x,t). 

Proof: Since C,{x,0)A"B{x,0) = Hn{x,0) and differentiating 

^^lC.A"B]=i^C.A''+'B + +i^[Ho]aiC,A"B + C*A"iAB^ = 

= i^[C,A"+'B]+i^[Ho]aiCU"B, 
ox ox 

we obtain that CtA"B, H„ satsify the same differential equations with identical initial conditions, so 
they are equal by Lemma [5. 5 1 Particularly, for n = we obtain that C,{x,t)B{x,t) — Ho{x,t). □ 
From this Lemma it follows that Theorem 14. 101 holds, using the same idea of proof, but with the 
t-derivatives 

Theorem 5.7. The following equalities hold: 

X{x,t)B^t{x,t) = B{x,t), C,{x,t)X{x,t) = C{x,t), 
X,{x,t)B{x,t) = B,{x,t), C(x,t)X,{x,t) = C,{x,t). 

Proof: We will mimic the proof of Theorem 14.101 

[CXI =i-^C*AX + i-^[Ho]aiC*X + C, [iABoiC - iBaiCA. + iB-yC] 
ut ux u x 

= using ini), m, (SB 

" -''-^[C;,X]Ai;+i^[HQ]ai[C,X^C]. 



Plugging here C instead of C,X, we will obtain (|52|) for C and by the uniqueness of the solutions since 
for f = it holds that C,{x, 0)X{x, 0) = C{x, 0) (TheoremSTO]), we obtain that also C,{x, t)X{x, t) = 
C[x,t). 

In a similar manner one can obtain that 

l[X,B] = ^iMl[X.B]-iB,..lm. 

Since B, when substituted here instead of X»_B satisfies the same equation, and Xt{x,Q)B{x,G) = 
i3*(a;,0) ("Theorem 14. 10|) . we obtain that X,{x,t)B{x,t) = B,{x,t). Then as before 

C{x,t)B:,{x,t) = C{x,t)X,{x,t)B{x,t) = C*{x,t)B{x,t) = Ho{x,t). 

The equations X{x,t)B,{x,t) = B{x,t), C{x,t)Xi,{x,t) — C'*{x,t) follow in the same manner. □ 
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Corollary 5.8. The operator X{x,t) is invertible for all x £ M., t £ [0, T] with the inverse X,(x,t). 
Proof: As in Corollary 14 . 1 1 1 we obtain that 

-^[X(x,t)X,(x,t)] = -^[XJx,tmx,t)] = 0. 
ox ox 

Differentiating with respect to t, we obtain that 
^[X{x,t)X4x,t)] = 1531), dMJ 

= (iABazC - iBo2CAQ + iB-^C)^., + X{iA^B,a2C, - iB^aiC^A - iB.7.C*) 
= Theorem [5T7l 

= iABazC, - iBaaC^c^* + iBjC, + iXA^^B^aiC - iBazCA ~ iBj^C* 
= ®, (HI 

= iABaiC, - iBaaChX, A - B,aiC,] + iBjC, + i[-AX - BoiC]B,02C-, - iBaiCA - iBj,C\ 
= iBa2CB,aiC, + iB-yC, - iBaiCB,a2C, - iB-y^C* 
= iB[a2Hoai + 7 - ctiHq(J2 - 7.]C, = (O 
= 0. 

d 

Similarly, one shows that — [X*(a::, t)X(a;, f)] = 0. Thus the operator X(a;, t)X, (a;, t) is analytic and 
has zero derivatives with respect to t, and x. Thus it is constant. Since at a; = t = it is identity, 
the result follows. □ 

Theorem 5.9. Suppose that q{x, t) is a solution 0/ ([T]) on R x [0, T], then there exists a KdV vessel, 
realizing q{x,t) on Q, so that R X [0, T] C fl. 

Proof: For q{x, 0) we construct the SL vessel QJ. Since the solution q{x, t) exists on R x [0, T] 
the fundamental matrix $,(A,a;,t) of p9l) exists for all {x,t) £ R x [0, T]. We can also define the 
ingredients of the "inverse vessel" B,{x,t),X,{x,t),C,{x,t) by formulas (|60p . Then by Corollary 
[EH]X.(x,f) is the inverse oiX{x,t) on R x [0,r). So, O. includes the set R x [0,r]. □ 

6 Remarks 

1. A next step, related to this research, would be a development of a similar theory for locally 
integrable functions q{x) on R. Using approximations by analytic functions similar results should 
be obtainable. 

00 

2. In the case q{x) is analytic and satisfies J (1 + \x\)q{x)dx < 00 [Fad74| one obtains that 

— oc 

the fundamental matrices "I>* (i/i, a;), "!>*(— yl;;, a;) are UNIFORMLY bounded, and as a result the 
operator Y*(a:) is uniformly bounded as well. Thus there exists T — Tx - the same for all x, so that 
the operator X(a;, t) is invertible. It follows that there exists a local solution on R x [—T, T] of the 
KdV equation which is a very well known result for the KdV equation ^GGKM67l IFad74] . 

3. These vessel constructions are intimately related to the theory of systems |Sta05| . Their relations 
and interplay is left for a future work. 
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